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1 .  Preliminaries  and  notations. 

Let  E  be  a  real  separable  Banach  space  with  norm  ||*||  and  Borel  cs-field 
B.  Let  P(E)  be  the  set  of  all  probability  measures  on  8  which,  with  the 
convolution  and  the  weak  convergence  topology,  becomes  a  topological 
semigroup.  By  up  =>  y  we  denote  the  weak  convergence  of  yp  to  y  as  n-*°,  for 
up,  y  f  P(E).  Aye  P(E)  is  said  to  be  infinitely  divisible  if  for  every 
integer  n  _>  2  there  is  yp  e  P(E)  such  that  y*n  =  y.  The  class  ID(E)  of  all 
infinitely  divisible  measures  on  E  is  a  closed  subsemigroup  of  P(E).  Further¬ 
more,  each  y  €  ID(E)  is  uniquely  determined  by  the  triplet:  a  vector  a  e  E,  a 
Gaussian  covariance  operator  R  and  a  Levy  measure  M,  cf.  Araujo  and  Gine  (1980). 
In  this  case  we  write  y  =  La»R»M];  note  that  Araujo  and  Gine  (1980)  use  the 
notation:  y  =  <S(a)*y*c-|Pois(M) »  where  y  is  a  symmetric  Gaussian  measure  with 
the  covariance  operator  R. 

Let  Q  be  a  fixed  bounded  linear  operator  on  E  such  that  lim  exp(-tO)  =  0 

*-*00 

in  the  operator  topology.  It  is  easy  to  see  that  0  is  an  isomorphism  on  F. 
Indeed,  since  the  function  t  -*■  ||e"t0||  is  submultipl icati ve  and  vanishes  at 
+*»  there  are  positive  constants  a  and  b  such  that  ||e  ^||  £  ae  for  all 
t  >  0.  Hence  Bochner  integral  /^e'^dt  exists  and  is  equal  to  the  inverse 
operator  to  0.  Now  we  define 

L(Q)  :=  (u  e.  P(E) :  V(t>0)  3  (yt  e  P( E))  y=e'tUy*yt) 

(recall  that  for  a  measure  v  on  E  and  a  Borel  measurable  function  f  on  E  the 
measure  fv  is  defined  by  (fv)(B)  =  v(f  ^(B))  for  all  B  e  8).  Observe  that 
L (0 )  coincides  with  the  Levy  class  L  of  all  asymptotic  distributions  of 
partial  sums  of  independent  random  variables,  if  0  =  Id  is  the  identity  operator 
on  E.  In  general,  L(0)  is  a  class  of  limit  distributions  of  partial  sums  of 
independent  random  variables  normed  by  linear  bounded  operators  on  E,  cf . 

Urbanik  (1978).  Moreover  L(Q)  is  a  closed  subsemigroup  of  ID(E). 


2 


Let  De[0,®)  denote  the  set  of  all  functions  from  [0,°°)  Into  E  which  are  riaht 
continuous  and  have  left  limits.  The  topology  in  D^[0,«>)  is  defined  as  in  Lindwall 
(1972)  (cf.  also  Gikhman  and  Skorohod  (1974))  and  D^[0,“)  equipped  with  such  a 
topology  is  a  separable  metric  space.  For  a  DE[0,°°)-valued  random  variable 
X  =  {X(t):t>0}  and  the  operator  valued  function  t  ■+  ebA,  where  A  is  a  bounded 
linear  operator  on  E,  we  define  random  integral  as  follows: 

etAdX(t)  :=  ebAX(b)  -  eaAX(a)  -  f  d(etA)X(t) 

(a,b]  j(a,b] 

:=  ebAX(b)  -  eaAX(a)  -  j  (etAA)X(t)dt, 

(a»b] 


0  £  a  <  b  <  where  the  last  stochastic  integral  is  defined  path-wise;  cf. 
Jurek  (1982)  and  Jurek  and  Vervaat  (1983). 

Let  Q  be  as  above.  Jurek  (1982)  has  shown  that  v  e  L(0)  if  and  only  if 
there  exists  a  D^LO,”) -valued  random  variable  X  with  independent  and  stationary 
increments,  X(0)  =  0  and  E  log  (1  +||X(1)||)  <  °°  such  that 


(1) 


v  =  L( 


e'tQdX(t)), 

(0,o°) 


where  L(£)  denotes  the  distribution  of  a  random  variable  £.  Here 

e_t^dX(t)  is  defined  as  the  limit  a.s.  (or  in  probability)  of 

(0  ,0°) 

e’tqdX(t)  as  b  -*»,  and  this  limit  exists  if  and  only  if  E  loq  ( 1  +  1 ! X(1 )  1 1  )<°°; 

(0,b] 

cf.  Jurek  (1982).  Let 

IDloq  "  IDl0q(E)  :=  {M  C  ID(E):  J  1oa(l  +  | |xl | )u(dx)  <  »}  . 

E 

Since  the  distribution  of  X  is  determined  by  L( X( 1 ) )  =  u  e  ^loq’  bbe  eQuat1on 

(1)  can  be  rewritten  as 

(2)  v  *  Jn(y)  :=  L(  f  e'tQdX(t)). 

q  W) 
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The  mapping  Jq  is  an  algebraic  isomorphism  between  the  semigroups  ID^  and 
L(Q),  and  its  fixed-points  are  the  operator-stable  measures  (stable  measures 
if  Q  is  the  identity  operator),  cf.  Jurek  (1982).  The  aim  of  this  paper  is 
to  describe  the  topological  properties  of  Jq  and  to  find  elements  of  L(Q) 
which  generate,  by  taking  convolutions  and  weak  limits,  the  entire  class  L(O) 


2.  Main  results. 


Let  un  £  P{ E)  be  such  that  loq  (1  +  ||x||)u  (dx)  <  ®,  n  e  ]N  u  {0}. 

We  say  that  un  log-converges  to  jjg,  and  write  un=">-|0q  Uq»  if  un  =>  Uq  and 

lim  /_  log(l  +  | | x | | )p  (dx)  =  fP  log( 1  +  | jx| ( )un(dx) .  Using  Billinasley 
n-H»  n  c  u 

(1968)  Theorems  5.1  and  5.4  it  is  easy  to  deduce  that  yn  =>loq  if  and  only 
if  yn  =>loq  y0  and  jjuP  ;{||x||  >t}109  (1  +  I lxl I >^nCdx)  =  °* 


Theorem  1 .  Let  X^,  n  e  IN  u  {0}  be  D^[0,o°) -valued  random  variables  with 
stationary  independent  increments ,  Xn(0)  =  0  and  L( ( 1 ) )  e  ID-^.  Then,  as 

n  4  “>, 


L  ( 


(0,«.) 


e_tQdX  (t) )  =>  L(f  e"tQdXn(t)) 
n  j(0,-)  0 


if  and  only  if 


L^Xn(1))  ^log  L(X0(1)). 


In  other  words. 


Jq(^n)  =>  Jq(yQ)  for  8°me  (eaah)  Q  if  and  only  if  up 


Corollary  1.  Under  the  assumptions  of  Theorem  1 

L(/(0,Oo)e"tQdXn{t))  L^(0,oo)e’tQdX0(t))  ifand  onl'  if  L<Xn(1))  _>  L<x0(1)) 

and  the  sequence  {loq  (1  +  ||X  (1)|])}  ^  is  uniformly  intejrable. 

Since  conditions  for  the  weak  convergence  of  infinitely  divisible  measures 
are  usually  given  in  terms  of  the  corresponding  triplets  we  shall  likewise 
characterize  the  uniform  integrability  of  {log  (1  +  ]|X  (l)j|)}.  Because  in  our 
aonroach  only  certain  properties  of  the  logarithmic  function  are  essential  we 


shall,  in  fact,  prove  a  more  general  theorem. 

Let  $  be  the  class  of  all  continuous  functions  <t>:  E  -*■  (0,°°)  such  that  for 
every  x,y  e  E 

<j>(x  +  y)  <  c<i>{x)<j>(y), 
where  c  =  c{<}>)  is  a  positive  constant. 

Note  that  if  ip :  E  -1-  [0,®)  is  a  subadditive  continuous  function  i.e. 

ip(x  +  y)  <  d[ijj(x)  +  'i/(y)]  for  all  x,y  e  E  and  some  d  _>  1,  then  <t>(x):  =  d+^(x) 

belongs  to  4>  with  c  =  1.  The  following  are  examples  of  such  functions: 

D(x)  =  exp(  \  1 1  x  1 1 ) ,  \  >  0,  tp(x)  =  1 1  x|  | p,  p  >  0  and  if/(x)  =  log  (1  +  ||x||). 

Theorem  2.  Let  <J>  e  <J>  and  un  =  [a^,  R^,  M^]  be  infinitely  divisible 
distributions  on  E.  Assume  that  {un>  is  relatively  compact.  Then 

1  im  sup  f  <t>(x)y  (dx)  *  0 

t-*»  n  J{<b(x)  >  t) 

if  and  only  if 

lim  sup  I  <b( x )M  (dx)  =  0. 

t-*»  n  J{$(x)  >  t} 

A 

Note  that  de  Acosta  and  Gine  (1979)  (cf.  also  de  Acosta  11980)  studied  the  uniform 
integrabil ity  of  similar  functions  in  the  context  of  the  General  Central  Limit 
Theorem  in  Banach  spaces.  Our  proof  uses  some  of  their  arguments  and  results. 

Corollary  2.  Under  assumptions  of  Theorem  1 

L(J  e't0dXn(t))  L( 

(0,°°)  (0,~) 


e't0dX(t)) 


'a  y  > 
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UXn(l))=  [an,  Rn,  Mn]  =>  [a ,R,M]  =  L(X(1)) 


Tim  sup 
t-x»  n 


f  1 1 x 1 1  >  t> 


1oq(l  +  |  j  x | | )  dMp(x)  =  0. 


In  the  case  E  =  F  ,  Corollary  2  has  been  proven  by  Sato  and  Yamazato 
(1984).  Their  proof  uses,  in  an  essential  way,  arguments  of  Fd  and  is 
completely  different  from  ours. 

The  class  ID ( E )  of  all  infinitely  divisible  measures  on  E  can  be 
described  as  the  smallest  closed  subsemigroup  of  P(E)  containing  all  symmetric 

Gaussian  measures  and  all  shifted  compound  Poisson  measures  of  the  form 

* 

[x,0,X5(y)J,  where,  x,y  e  E  and  X  >  0,  cf.  Araujo  and  Gine  (1980).  Using  the 
homeomorphism  ID.|  ->  L(Q)  we  shall  describe  a  set  of  generators  of  L(Q). 

Let  Sq  be  the  unit  sphere  in  E  with  respect  to  the  norm  aiven  by 
||xijq:=  ;0'||e-^x||dt.  For  every  a  >  0  and  z  <•  Sq  we  define  a  measure 

M  on  6 ( E \ { 0 } )  by 
oi ,  z 


Ma,z(F)  =  J  MS  Z,S  dS’  F  e  S(EX{0*)- 

Since  /  min  { 1 , 1 1  x |  ! } M  (dx)  <  =°,  M  is  a  Levy  measure  on  E,  cf.  Araujo  and 

Ot  j  Z  Ot  )  z 

Gine  (1980),  Theorem  6.3. (i).  Let  consist  of  all  generalized  Poissonian 
measures  [x,0,XM  ],  x  e  E,  a  >  0,  X  >  0  and  z  t  Sn  and  of  all  Gaussian 

measures  [0,R,0]  such  that  QR  +  RQ*  is  a  nonnegative  operator. 

Theorem  3.  The  class  L(Q)  is  the  smallest  closed  subsemigroup  of  I D ( E ) 
containing  the  set  Kq. 

In  the  case  when  E  is  a  Hilbert  space  Jurek  (1982)  has  obtained  a  slightly 
different  set  of  generators  of  L(Q)  and  his  proof  is  completely  different  from  ours 
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3.  Proof  of  Theorem  1. 

The  proof  is  preceded  by  some  auxilliary  lemmas  and  propositions,  which 
may  be  interesting  themself. 


Lemma  1 .  A  family  °f  reaZ  random  variables  is  uniformly  inteyrable 

if  and  only  if 


lim  sup  I  P{| E,  |  >  t >  =  0 . 

T-xx,  ae  I  -*  T  a 


Proof.  The  necessity  follows  from  the  inequality 


ICldP  =  TPUK 

I  >  T}  + 

P{  |  c  !  >  t)dt  > 

r  1  i 

a 

1  -r- 1 

a1  j 

1  a 1  — 

/ 

P(U  I  >  t}  dt. 

r  a 


The  sufficiency  we  obtain  as  follows 


TP  (|5  |  >  2T1  < 
or  — 


tig  -  t]  dp 


mj  >  2ti 


i\t  !  >  T} 

a 


I50l  dP  -  TP  {Ua|  >  T} 


p(|5al  >  t;  dt 


and  hence 


It 


{ U  |  >  2T> 
a 


EJ  dP  <  2  j  P{|g  >  t)dt  +  I  P{|cal  >  t)  dt  -  0 

T  2T 


uniformly  in  a  as  T 


Proposition  2.  (Skorohod  (1957),  Lemma  1.4).  let  Z(t),  t  r  [a,b]  be  a 

stochastic  process  with  independent  increments  and  trajectories  in  0£[a,b]. 


Then  for  every  r  >  0 


p{sup  1 1 Z(t)  -  Z ( a ) 1 1  >  2 r}  <  cP{||Z(b)  -  Z(a) ) |  >  r}, 
a<t<b 

where  c  =  (1  -  sup  P{||Z(t)  -  Z{b)|j  >  r})"^  is  supposed  to  be  positive . 

3<t<b 

L emmet  3.  Let  ip:  [0,°°)  -*■  [0,°°)  be  an  increasing  function  such  that  for  some 
k  >  0  and  Xq  >  0  i|»(2x)  <_  kt^(x)  for  all  x  _>  Xq.  Suppose  Z(t),  t  e  [a,b]  is  a 
stochastic  process  with  independent  increments  and  paths  in  D^[ai,b].  Further¬ 
more  assume 


( i )  (Zn(t)  -  Zn ( b ) :  a  £  t  £  b,  n  e  ]N  }  is  bounded  in  probability; 


(ID  4(||Zn(b)  -  Zn(3)  |  ! ):  n  6  IN}  is  uniformly  integrable. 


Then  {t|j(sup  1 1 z  ( t)  -  Z  (a)|  I):  n  e  IN  }  is  also  uni  fort1", lu  intearable. 
3<txb  n  n 


Proof.  From  (i)  we  have  that  P{ | | Zn(t)-Zn(b) | |  >  r}  <  ^  for  all  r>rQ, 
n  e  IN  and  t  e  [a,b].  By  Proposition  2  we  get 


Pi'sup  |  !Z  (t)  -  Z  (3)||  >  2r}  <  2P  { 1 1 Z  (b)  -  Z(a)||  >  r} 
a<t<b  n  n  n  n 

for  3 1 1  r  >  rQ  and  n  e  IN  .  Therefore  for  T  >  ^(TqVXq))  we  obtain 


✓CO 

P{t|i( sup  1 1 Z  (t)  -  Z  (a)  |  | )  >  uldu 

T  3<t<b  n  n 


/OO 

=  P  { sup  1 1 Z  ( t)  -  Z  ( a )  j  |  >  i|j"^(u)}  du 
’T  a<t<b  n  n 

<  2  [°°  P  (||Zn(b)  -  Zn(a)||  >  ^_1(u)}  du 
T 


=  2  ]  P{#l2||Zn(b)  -  Zn(a)||)  >  u}  du 


£  j  P(<K|  |Zn(b)  -  Zn(a)|  | )  >  uk'1}  du 
T 

fOCi 

=  2k  P{(i>(|!Z  (b)  -  Z(a)l|)  >  u)  du. 
n  " 

Tk  1 

This  together  with  Lemma  1  completes  the  proof. 

Remark.  Both  Proposition  2  and  Lemma  3  hold  true  if  one  replaces  the  norm 
It'll  by  a  measurable  extended-valued  seminorm. 

Lemma  4.  Let  X  ,  n  ?  IN  u  {0}  be  D^[a ,b] -valued  random  variables  suoh  that 
L(Xn)  ->  L(Xq)  in  DE[a,b]  and  let  A  be  a  linear  bounded  operator  on  E.  Then 


e  ciXn(t))  ->  L( 


(a,b] 


*oof.  Since  the  mapping 


(a,b] 


etAdX0(t)) 


0pU,b]3  y  *  f  etAdy(t)  :=  etAy(t) 
(a  ,b] 


AetAy(t)dt  r  F. 


(a  ,b] 


is  continuous  (cf.  Billingsley  (1968),  p.  121),  the  Continuous  Mapping  Theorem 
concludes  the  proof  (cf.  Billingsley  (1968),  Thm.  5.1). 


Proof  of  Theorem  1 .  Put 


Y  (t)  :=  |  e”s  ^dX  (s)  and 
n  >  (0,t]  n 


Y  (<*)  :=  |  e"s(^dX(s),  n  c  IN  u  {0} 

n  i 

(0,») 


l 

,  I 


*»* 


r 
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By  definition, Yn,  n  e  IN  u  {0}  are  D^[0,“)-valued  random  variables  with  inde¬ 
pendent  increments.  Furthermore  we  have 


Yn(+0°)  -  Yn(t)  =  j  e_sQdXn(s)  =  e"L\(co),  0<t<»; 

(t,°°) 


t  a-tQv 


Y  (j  +  1)  -  Y  fj)  =  e_j(* 


(0,1] 


e's0dXn(s  +  j)  =  e“j0Yn(1),  j=0,l,.... 


and  for  every  n 


:=  e  ^dXn(s+j)  =  Yn(l)  are  independent, 

(0,1] 

d 

j  e  {0}  u  IN,  where  means  "equal  in  distribution".  Also  we  have 


IV" 


|e'\(l)  + 


(0.0 


Qe‘tQXn(t)dt| |  c  C  sup  1 |X  (t) | S , 
n  -  0<t<l  n 


where  C  :=  2e 


101 


The  necessity .  We  have  that  L(Xn<l))  ->  L(XQ( 1 ) )  and  {loq  (1  +  | | Xp(l ) | | )  : 
n  e  IN  }  is  uniformly  integrable.  Using  Lemma  3  we  obtain  that  for  every  r  >  1 
and  k  >  0 

(3)  Oog^  (1  +  k  sup  ||X  (t)||)  :  n  <r  IN)  is  uniformly  inteqrable. 
r  0< t< 1  n 

Further,  L( Xn(  1 ) )  =>  L(XQ(1))  implies  that  L(Xn)=>  (.(XQ)  in  DE[0,t]  for  every  t>0 
(cf.  Gikhman  and  Skorohod  (1974),  Theorem  VI.  5.5)  and  Lemma  4  yields 
L( Yn( t))  >  L ( Yq ( t ) )  for  every  fixed  t  t  [0,°°)  as  n  -*■  Moreover, 

L(Yg(t))  =->  L(Yg(«=))  as  t  -*•  Therefore,  to  prove  that  L( Yr|(°°)}  ->  L( Yq(°°)), 
as  n  %  it  is  enough  to  show  that  for  each  c  >  0 

lim  lim  sup  P{||Yn(»)  -  Yn ( s ) ] |  >  c)  =  0, 

s-voo  n-x» 


cf.  Billingsley  (1968),  Theorem  4.2. 

Since  the  function  t  |!e_t^j|  is  submiltipl icative  which  vanishes  at  +°° 
there  are  positive  constants  a  and  b  such  that 

|  |e"t0|  j  <_  ae"bt  for  every  t  _>  0.  Let  q  =  e"b  <  p  <  1  and  a^  :=  (1-p)pk, 

1  m 

k  =  0,1,2,...  .  For  a  given  e  >  0  and  m  e  N  such  that  a  e(l-p)p  >  1  we 
obtain 

P{|[Y  <»)  -  Y  (m)||  >  c)  =  PC| |  l  [Yn(j+1)  -  Yn(j)]]|  >  e> 

1  j=m 

£P(  l  aqj|U  II  >  l  ea  }  <  i  P{||Y  (1)||>  a'^q^a  } 
j=m  J=m  j=m 

<  l  P(C  sup  |  1 X  (t)  J  |  >  (p/q)j)  <  l  POoq  .  (1  +  C  sup  ||X  (t)||)  >  j} 
“i=m  0<t<l  "  ~j=m  P/q  0<t<l  n 

;E[1oVq(1  +  C0<^ll|Xn(t)ll)  'nogp/q(l  +0^11X^11)11)  >  ml- 

Hence  and  from  (3)  we  get 

lim  sup  P{  1 1 Y  (°°)  -  Y  (m) )  |  >  e}  =  0 
m-*»  n 

which  implies  (4).  The  proof  of  the  necessity  is  complete. 

The  sufficiency .  Note  that 
(5)  YnH  =  Yn(t)  +  [YnH  -  Yn(t)], 

d  -to 

Yn(°°)  -  YnU)  is  independent  of  Yn(t)  and  Yn(®)  -  Yn(t)  =  e  Mfn(°°).  Since  by 
our  assumption  i.{Yn(«>))  «>  L( YQ(°°))  we  obtain  that  the  following  sets  are 
conditionally  compact 


12 


i 

i 

i 

i 


and 


a(Yn(“)  -  Yn(t)):  0  <  t  <  »,  n  c  M> 


{L(Yn(t)):  0  <  t  <  =o,  n  e  M  }. 


Using  (5)  and  the  fact  that  the  characteristic  functionals  of  infinitely 
divisible  distributions  are  not  vanishing,  we  obtain  for  every  sequence 


{tn}  c  [0,°°]  such  that  tn  -*•  tg  as  n  -*•  ® 


(6) 


L'(Yn(tn))  ->  MY0(t0))  and 
L(VnH  -  Yn(tn))  L(Yn(»)  -  Yn(tn) ) 


0^0' 


Since  the  conditional  compactness  of  distributions  implies  the  boundedness  in 
probability  of  the  corresponding  r.v.'s  we  can  find  r^  >  1  such  that 

(7)  sup  sup  P{ |  | Y  (°°)  -  Y  ( t)  1 1  >  r)  <  \  for  all  r  >  rn. 
neK  0<t<-  n  n  ^  U 

By  Proposition  2  we  get  for  any  a  >  0  and  n  €  li 


l 

-•  Hence 


V 


‘j 

h* 

B 

i*. 

r. 

.*. 

i 


P{ sup  ]  I Yn(t)  -  Yn(a)M  >  2r}  <  2PI 1 1 Yn(“>)  -  Yn(a)||  >  r}. 

a<t<°° 


2p{||YnH  -  Y  (k)  |  |  >  r}  >  P{sup  1 1 Y  (m)  -  Yn(k)||  >  2r} 
n  n  ~  k<m<»  n  n 

m-1 

=  P{sup  ||  l  CY  (j+l )  -  Y  (j)3l |  >  2r)  > 
k<m  j=k  n  n 


>  p{sup  1 1 Y  (m+1 )  -  Y  (m)| |  >  4r} 

“  k<m  n  n 

00 

=  1  -  H  [l-P  { 1 1 Y  (3+1 )  -  Y  ( j)  1 1  >  4r } ] 
j=k  n  n 

00 

>  1  -  exp  L-  l  P{ 1 1 Y  (j+l )  -  Y  ( j)  1 1  >  4rl] . 

j=k  n  n 


Therefore 


l  P{  |  |e~^Y  (1 )  |  j  >  4 r}  <  -log  (1  -  dj, 

j=k  n  _  K 

where  dk  =  dk(r)  :=  2  sup  P{  I ! Yn(°°)  "  Yn(k)||  >  anflf  r  >  ro* 

ne  fl 

Note  now  that  ||e^||  >  1.  Indeed,  this  follows  from  the  inequality 
1  <  ||eq||m  ||e~mq|j  and  the  assumption  lim  ||e~m^||  =  0. 

Thus 

l  PTlog+| |Y  (1)| | >log  4r  +  j  log  !|e°||} 
j=k  n 

=  j  P{  1 1  Yn(l )  1 1  >  4r  ||e°||j}  <j  P{  |  |e'j0Yn(l )  1 1  >  4r}  <  -log  (l-dk) 

By  (6)  for  any  fixed  r  >  0  lim  d.  =  0.  Using  Lemma  1  we  net  that 

k-*»  K 

{log  (1  +  )  J  Yn(l ) ) ) ) :  n  e  fl }  is  uniformly  integrable.  Since  for  0  <_  t  £  1 

(8)  Yn(l)  -  Yn(t)  =  |  e's0dXn(s)  =  e‘tQYn(l-t) 

(t,l] 

and  (6)  we  obtain  by  Lemma  3  that 

(9)  {log  (1  +  sup  } | Y  ( t ) 1 1 ) :  n  e  IN  }  is  uniformly  integrable. 

0<t<l  n 

We  have 

(10)  e'°Xn(l)  =  f  erQdYn(r)  =  e°Yn(l )  -  j  0er0Yn(r)dr. 

(0,1]  0 

Therefore  ||X  (1)||  <  C?  sup  ||Y  (t)j|,  where  C„  :=  e'  '  (2e"°"-1)  and  (9) 

~  0<t<l 

implies  that  {loa  (1  +  | | X  (1 ) | | ) :neW  }  is  uniformly  integrable. 

To  complete  the  proof  of  the  sufficiency  it  is  enough  to  show  that 
L(Xn(l ))  — >  L(X0(1)).  In  view  of  (10)  and  Lemma  4  it  is  sufficient  to  prove 


that  L(Yn)  =>  L ( Yq)  in  D^[0,1].  Since  Y  ,  n  e  W  ,  have  independent  increments 
and  for  0  £  s  <  t  <  1 

Yn(t>  ‘  Yn(s)  =  {  e“rQdXn(r)  =  e"sQYn(t  -  s), 

(s,t] 

(6;  gives  the  weak  convergence  of  all  finite  dimensional  distributions  of 
stochastic  processes  (YR(t):  t  e  [0,1]}^^.  Moreover  for  every  e  >  0 

lim  lim  sup  sup  P{||Y_{t)  -  Yn(s)(|  >  e} 
h->0  n-*«  |  t-s  |  <h  n  n 

<  lim  lim  sup  sup  P{ | |Y  (u) j |  >  C”1  e}  =  0, 
h->0  n-*»  u<h  n  J 

where  C,  :=  max  ||e_t^||.  By  Gikhman  and  Skorohod  (1974)  Theorem  VI. 5. 5. 
°<t<l 

L(Y  )  =*>  L(Y)  in  DJO.l],  which  completes  the  proof  of  Theorem  1. 
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4.  Proof  of  Theorem  2. 

We  begin  this  section  with  some  auxiliary  lemmas  needed  in  the  proof  of 
Theorem  2. 

Let  f  be  the  class  of  all  continuous  non-decreasing  functions 

with  41(0)  >  0,  lim  ®  and  such  that  ip(2t )  <  aip( t )  for  all  t  ^  0  and 

t-*oo  1 

some  a  =  a(tp). 

The  following  is  a  stronger  version  of  the  well-known  criterium  of  the 
uniform  integrabil ity,  cf.  Meyer  (1966),  T22.  We  assume  additionally 
that  the  constructed  function  4;  satisfies  the  so-called  A^-condition. 

Lemma  5.  Let  (f  :  a  e  I }  be  a  family  of  measurable  functions  defined  on 
a  measurable  space  (S,S)  and  let  e  I )  be  a  family  of  measures  on  S 

such  that  Sup  v  (S)  <  If 


lim  sup  |f  |dv  =  0 

t^»  ad  )(  f  I >t>  a  a 


then  there  exists  a  function  e  V  such  that 


’ 

sup  (i^  0  |f  l)dv  <  ». 

w  ut  m 

Ote  I  r> 


Conversely ,  if  (ii)  is  satisfied  for  some  non-decreasina  continuous  function 


[O.oo)  -*•  [0,°°)  with  lim 

t"K» 


then  (i)  holds. 


Proof.  Following  the  proof  of  T22  in  Meyer  (1966)  (with  some  obvious 
modifications)  we  show  that  (i)  holds  if  and  only  if  there  exists  a  non-decreasinq 
continuous  function  tp:  [0,®)  ->  [0,®)  with  lim  =  ®  such  that 

t-Ko  l 

' 

sup  (ti>°|f  l)dv  <  00 •  Put  4/,(t)  =  ii{t)  +  1.  Then  sup  (4>, olf  i)dv  <  ®. 

a  a  l  ^  t  '  a1  a 

etc  i  e  ae  1  r 


To  complete  the  proof  it  is  enough  to  show  that  there  exists  ^  e  v  such  that 
^2  1  • 

Choose  c  >  2  such  that  c  >  sup  (iMt)/^,  (t/2)}  and  define 

0<t<l  1  1 


:=  ^(t)  for  t  e  [0,1] 


and,  by  induction,  put 


^2(t)  :=  min  {^(t),  c^2(t/2)} 


for  t  e  [2n"\  2n],  n  =  1,2 .  In  other  words 


U>2( t)  =  min  {ip1  (t) ,  cip1  (t/2) . cV^t/Z*1)} 


for  t  £  [2n1 ,2n] ,  n  =  1,2,...  . 


Cl 


early,  \p2  is  continuous,  non-decreasing,  ij>2(0)  >  0  and  ^2(2t)  £Cij>2(t).  It 


remains  to  show  that  lim  ^9(t)/t  =  «>.  To  this  end  observe  that  for  every  n  >  1 

t~*» 

there  exists  0  <  jn  <  n  such  that  2n )  =  c  ^(2  n).  Thus  for  t  e  [2n,2n+1] 


we  have 


«2(t)  ^(2")  i  c  °'Jn  ^(2  j) 


n. 


t  -  „n+l  ~  2  '2 


=  *  l*>  (- 


as  t  -*•  ®,  which  completes  the  proof. 


Lemma  6.  If  <t>  £  <J>  and  e  ¥,  then  ^  °  $  £  <t>. 

Proof.  Since  (4>  »  <p ) ( x  +  y)  =  ip(<t> ( x  +  y))  £  iHc<f>U)<M.v))  it  is  enouah  to 
prove  the  submultiplicity  of  ij>  with  a  constant.  The  condition  \p( 2t )  <  aip( t) 
for  every  t  >  0  yields  i|»(st)  £  as\(t),  where  q  :=  log2a.  Hence 
1 )  =  ip ( s~ 1  s )  <  as"%(s)  and  consequently  a^(s)/ip(l)  >_  sq  for  every  s  >  0. 
Finally  we  get  ip( st)  <  as%(t)  <  (a2/vp( l))ip(s)ip(t),  which  completes  the  proof. 
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It  is  well-known  that  any  infinitely  divisible  distribution  with  Levy 
measure  concentrated  on  some  ball  has  all  exponential  moments  finite.  The 
following  is  a  generalization  of  this  result  to  sequences  of  infinitely 
divisible  distributions. 

Lemma  7.  Let  a  sequence  up  -  K-W- " 6  *•  be  conditionally  compact 
and  for  some  r  >  0  ( { | jx| |  >  r})  =  0  for  all  n  e  IN  .  Then  for  every  X  >  0 

sup  |  exp  (X 1 1 X 1 j )un(dx)  <  «. 
n  E 

Proof.  Let  Yn  :=  i.0,Rn,0]  and  vn  :=  [0,0, Mn].  Then  yn  =  6(an)*vn*vn  and 

the  seouences  {5(a  ):  n  e  H},  n  c  W  }  and  {v  :  n  e  W}  are  conditionally 
n  n  n 

compact;  cf.  Araujo  and  Gine  (1980),  Theorem  1.4.9  and  Corollary  3.4.6.  Clearly 

(  2 

sup  |  (a  1 1  <  °°.  Also  sup  I  exp(e||x||  )y_(dx)  <  °°  for  some  e  >  0  (cf.  e.ci. 
n  n  n  ‘  E  n 

Chevet  (1983),  Theorem  1(1)).  Hence  for  every  X  >  0  sup  |  exp(X| |x| | )y  (dx)«». 

n  i  _  ’ ' 


It  remains  to  show  that  for  every  X  >  0 


sup  |  exp  (X | jx j | )vp(dx)  <  ». 
n  '  r 


Let  us  fix  X  >  0  and  for  each  v  construct  an  infinitesimal  trianqular  arrav  of 

n 

random  variables  uniformly  bounded  by  2r  which  row  sums  weakly  converoe  to  v  ; 
cf.  the  proof  of  Corollary  3.3  in  de  Acosta  (1982).  Now  from  the  sequence  of 
triangular  arrays  choose  another  one,  say  (Z^:  1  £  j  <_  kn,  n  >  1],  such  that 

E  exp(X| i Sn | | )  -  exp  () | lx| I )vp  (dx)  -  C 
E  k 

1  n 

as  n  -*  •»  and  d(L(S  )  ,  v  )  <  -,  where  S„  5  I  Z  .  and  d  denotes  the  Prokhorov 
n  n  n  n  nj 


metric.  Therefore  U(Sn)  n  e  fl }  is  conditionally  compact  and  Theorem  2.1  in 

* 

de  Acosta  and  Gine  (1979)  yields 

sup  E  exp  ( X j | S  1 1 )  <  «. 
n 

This  implies  (11)  and  completes  the  proof. 

Proof  of  Theorem  2.  Let  M^B)  :  =  M ( B n {  |  |  x |  j  <_  1})  and  ( B )  :*  M(Bn{||x|| 

for  B  e  8(E\  {0}).  Define  also  y^  :*  [an,Rn,M^]  and  y^  :=  [0,0, M^],  n  e  W. 
12  12 

Of  course  y  =  y  *  vt  and  both  (y  }  and  { y }  are  conditionally  compact;  cf. 
n  n  n  n  n 

Araujo  and  Gine  (1980),  Theorem  1.4.9  and  Corollary  3.4.6.  Further,  note  that 
for  every  function  <p  e  $  there  are  positive  constants  a  and  B  such  that 

(12)  4>(x)  5  aeBl  lxl  I ,  for  all  x  e  E. 

The  sufficiency .  Assume  that 

lim  sup  |  <t>( t)y  (dx)  =  0. 

By  Lemma  5  there  exists  ip  e  V  such  that  sup  °  d>) ( x)yn(dx )  <  °°.  By  Lemma  6 

n 

X  :=  <J>  °  <t>  e  <t>  and  by  (12)  x(x)  1  aeBl  ^  for  all  x  e  E  and  some  a,B  >  0.  Sin 

X  €  <t>  we  have  x(y)  =  x(*  +  y  -  x)  <  cx(x  +  y)x(-x)  for  every  x,y  e  E  and  some 
c  >  0.  Thus 

e"B' ^  'x(y)  £  acx(x  +  y)  for  all  x,y  e  E. 

Therefore, 


(13) 


e-6 ^  I x I  lyl(dx)  f  x(y)u„(dy)  <  ac  f  xU)un(dz) 


and  the  quantity  on  the  riqht-hand  side  is  uniformly  bounded  for  all  n  e  h  . 
By  Lemma  7  sup  /  e6"x'V  (dx)  :=  K  <  ».  This  together  with  the  inequality 


1  = 


exp  (f||x||  -  fl  |x|  |)u’(dx)  <  ( j  e6"x"wJ1(dx))1/2(|  e'S"X| ’w^dx))1'2 


£_ 

implies  that  inf  /.e”61 1x1 !u '(dx)  >  K'1  >  0.  By  (13)  we  get  sup  /px(x)un(dx) 
-  t  n  —  n?]N 


<CO  . 


ne  N 


So,  finally  we  obtair 


_  -M‘‘(E)°°  -if  o  *k 

Xlx)^(dx)  =  sup  [e  n  l  (k! )~  x(x)(^)  (dx)] 

n  nelN  k=0  J£ 


CO  >  sup 
n*  IN 


-M2(E)  ? 

>  sup  [e  (x(0)  +  xU)Mn(dx))]. 
nefl  '£ 


Since  { M2 }  is  conditionally  compact,  cf.  Araujo  and  Gine  (1980),  Theorem  3.4.5, 
n 


sup  M2(E)  <  oo.  Therefore  sup  /£x(x)fydx)  <  °°.  By  Lemma  5  we  get 
nt  IN  n  n 


lim  sup  /{^(x)>t}*(x)Mn(dx)  =  °*  Since  {4>(x)  >  t}  c  {|lx"  >  1}  f0r  sufficientlV 

t-Kx-  n^H 

large  t  >  0  (cf.  (12))  we  obtain  lim  sup  wt}^x)fVdx)  =  °»  which  ends 

t-»  neW  vv 


the  proof  of  the  sufficiency. 

The  necessity.  Since  we  have  that  lim  sup  /{<J)(x)>t}(},(x)Mn(dx)  =  0  and 
— - -  t-«°  ne  IN 

2 

sup  M2(E)  <  ®  Lemma  5  shows  that  for  some  function  sup  /£x(x)Mn(dx)<°% 

n,h  n  nelN 

where  x  -=  ^  °  By  Lemma  6  y(x  +  y)  <  cy(x)x(y)  Tor  all  x,y  e  E  and  some 
c  >  0.  Similarly  as  in  de  Acosta  (1980),  Corollary  3.4  we  obtain 


e  j  x(x)vn(dx)  =  I  (ki )  J  x(x) (Mn)  (dx) 


=  XlO)  +  l  (k:)'1  ...f  x(x,  +...+  xk)M^dx1)...H^(dxk) 

k=l  E  JE 


<  x(O)  +  l  Ik!)"1  c*-'(  I 
k=l  J 


I)-1  ck_1(  f  x(x)M^(dx))k 


=  x(O)  +  c-1[exp(c|  x(x)M^(dx) )  -  1], 

E 

2 

Hence  sup  /Extx)y^dx)  <  <*>.  Using  (12)  and  Lenina  7  we  obtain 
n  h 

sup  x(x)y  (dx)  <  c  a  sup  e6' ^ 'yj'(dx)  sup  Xix)y^(dx)  <  «, 
n*W  n  “  neW  n  nefJ >  ^ 

which  by  Lemma  5  gives  that  lim  sup  \4>( t)y  (dx)=0  and  completes  the 

t-*»  n eh  n 


proof  of  Theorem  2. 


5.  Proof  of  Theorem  3. 


In  the  proof  we  shall  use  the  following  lemma: 


Lemma  8.  For  every  [0,0, M]  e  ID-,  there  exists  a  sequence 

~E  “  109 


1  :=  1  a  - 6 L x  •),  n  e  IN  ,  where  a  .  >  0  and  x  .  e  E,  such  that  [o,o,kj->.  ro 

n  •  -i  nj  nj  nj  nj  n  ioci 

j  * 


Proof.  The  proof  of  Lemma  8  is  divided  in  three  steps. 

Step  1.  Let  [0,0,MJ  e  ID1og  and  Kn(B)  :=  M(Br,{  j  |x|  |>  J},  Beg(F) ,  neIN  . 

Then  Mn  are  finite  measures  such  that  [0,0, M^]  ^>.j  L0,0,M] . 

* 

Proof.  Theorem  3.4.7  in  Araujo  and  Gine  (1980)  gives  that  [0,0, ]  > 

[0,0, M].  Since  sup  /Mx||>tlog(1  +  Nx||)dMn(x)<  /||xll>tlog(l  +  ||x||)dM(xM) 

as  t  ->  oo.  Theorem  2  completes  the  proof. 


Step  2.  Let  M  be  a  finite  measure  on  E  and  [0,0, M]  e  ID,  .  Then  there 

oo  OO 

are  M  :=  I  a  .<5(x  ■),  where  a  .  >  0,  E  a  .  <  ®  and  x  .  e  F,  such  that 
n  i=1  nj  nj'  nj  .  ,  nj  nj 


[0,0,Mn]  ->log[0,0,M]. 


Proof.  Let  for  every  n  {A  . :  j  e  IN  }  be  a  partition  of  E  onto  non-empty 

1 1 J 

Borel  sets  with  diam(A  .)  <  Choose  x  .  e  A  .  and  put  a  .  =  M(A  .).  Then 

nj  —  n  nj  nj  nj  nj 

Mn  >  M  and  since  H(E)  <  [0,0, M  ]  [0,0, M].  Furthermore  for  every  s>l 

we  have 

log ( 1  +  | 1 x | | )M  (dx)  *  l  I  loq(l  +  | | x  . | | )M(dx) 

M||x!!>s}  {j :  1 1 X  .  I  !>sl J  A  nJ 

nj  Wnj 


1  l 


U:HVj!MjA 


[log(l  +  ||x-xnj||)  +  log  (1  +  | |x| | )]M(dx) 


nj 


(log  2 )M( i ( | x ( | >s-l  f)  + 


loa(l  +  | 1 x | |)M(dx). 


{ | |x| |>s-l } 


Therefore  Theorem  2  completes  the  proof  of  Step  2. Combining  Steps  1  and  2  and 
the  following  obvious  fact  given  below  as  Step  3  the  proof  of  Lemma  3  follows. 


Step  3.  Suppose  M  =  Z  3.6(x.),  with  x .  e  E,  a .  >  0  and  Z  a.  <  <*>.  If 

j=l  3  3  3  3  j  3 

n 

[0,0, M]  t  IDlog  then  [0,0,  I  3^{x.)\  =>  loo[0,0,M]  as  n  ^  co. 

J  1 

Proof  of  Theorem  3.  Let  y  =  [a,R,M]  £  Then  Jrt(u)  :=  Ta  .R  .M 

■  '  I  OQ  U  oo  OO  OO" 


(14) 


a  =  Q  ”^a  + 


0  E\ { 0 } 


e"t0  x  [lB(e-t^x)-lB(x)]M(dx)dt, 


(15) 


R  = 


e-tQRe-tQ*dt 


(16) 


MJF) 


f°°  4-n 

M(etpF)dt, 

0 


F  e  B(E\{0}), 


and  B  =  (||x||  £  1};  cf.  Jurek  (1982).  From  (15)  we  get  that  QR^+RJ)*  =  R 
Hence  the  operator  QR^  +  RJJ*  is  non-negative  and  symmetric,  provided  R^  i 
the  covariance  operator  of  a  Gaussian  measure  from  L(Q).  Conversely,  if  P1 
a  Gaussian  covariance  operator  such  that  QR1  +  R'Q*  is  non-negative,  then 
R1  =  /ge’tp(QR'  +  R'Q*)e"tP*dt  and  hence  R'  >  e"sVe-sP*  for  all  s  >  0. 
Thus  R'  is  the  covariance  operator  of  a  Gaussian  measure  from  L(Q). 

To  complete  the  proof  of  Theorem  3,  in  view  of  Lemma  8  and  Theorem  1, 
is  enough  to  show  that  for  every  a  e  E\{0} 


(17) 


(6(a))  =  M, 


», z 


for  some  a  •>  0  and  z  «•  Sq  (note  that  (cM)^  =  cM^).  It  is  easy  to  see  that 
the  mapping  o:Sq  *  F  +  -*  E\{0}  given  by  o(u,t)  :=  t^u  is  a  homeomorphism. 


, where 


is 


t 


Hence  for  every  a  e  E\ { 0 }  there  exist  .  •  R  and  z  ■  Sg  such  that  a=.Kz. 

Let  F  =  p(AxB) ,  where  AeB(Sg)  and  B  f  6(1R+).  By  (16)  we  obtain 

fd n 

(6(a) )oo( F )  =  6(ct^z){s^u:  u  c  A,  s  c  e^Bldt 

0 

=  lA(z)j  =  6(z)(A)  pB(s)s_1ds 

(tie'^eB)  0 

=  |  lA(x)lB(s)s_1ds6(z)(dx) 

SQ  0 

=  |  1,-(s^x)s"1ds6(z)(dx) 

J  h 

SQ° 

=  [  lF(s^z)s-1ds. 

This  proves  (S(a))r  (F)=  z(F)  for  F  =  p(A  *  B).  Since  o  is  a  homeomorphi sm 
this  equality  extends  to  all  Borel  sets  F  c  E\{0),  which  proves  (17)  and 
completes  the  proof. 
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